On the spectrum of curved planar 
waveguides * 



?,2 



David Krejcirik lf and Jan Kriz 



1 Departarnento de Matemdtica, Institute* Superior Tecnico, 
Av. Rovisco Pais, 1049-001 Lisboa, Portugal 

2 Department of Physics, Faculty od Education, University of Hradec 
Krdlove, Rokitanskeho 62, 500 03 Hradec Krdlove, Czech Republic 

E-mail: dkrej@math.ist.utl.pt and jan.kriz@uhk.cz 



22 October 2004 



Abstract 

The spectrum of the Laplace operator in a curved strip of constant width 
built along an infinite plane curve, subject to three different types of 
boundary conditions (Dirichlet, Neumann and a combination of these 
ones, respectively), is investigated. We prove that the essential spec- 
trum as a set is stable under any curvature of the reference curve which 
vanishes at infinity and find various sufficient conditions which guarantee 
the existence of geometrically induced discrete spectrum. Furthermore, 
we derive a lower bound to the distance between the essential spectrum 
and the spectral threshold for locally curved strips. The paper is also in- 
tended as an overview of some new and old results on spectral properties 
of curved quantum waveguides. 
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1 Introduction 

Let Q be a region (i.e. open connected set) in M. n , n > 1, with sufficiently 
regular boundary dfl, and consider the corresponding Laplacian —A on L 2 (S1) 
with mixed Dirichlct-Ncumann boundary conditions. If Q is bounded, then it 
is well known that the spectrum of the Laplacian is purely discrete, and prop- 
erties of the eigenvalues have been intensively studied. On the other hand, it is 
easy to see that the spectrum is [0,oo), i.e. purely essential, if £1 is unbounded 
and sufficiently extended at infinity (namely, it contains arbitrarily large balls). 
Although it was shown already by F. Rellich in 1948 £HQ that there exist un- 
bounded regions whose spectrum contains discrete eigenvalues (or it is even 
purely discrete!), the spectral theory for the eigenvalues has attracted much less 
attention than in the bounded case. 

However, recent advent of mesoscopic physics has given a fresh impetus to 
study the (discrete) spectrum of the Laplacian in unbounded regions. For, let 
us recall that the quantum Hamiltonian H of a free spin-less particle of effective 
mass m* constrained to a spatial region SI, i.e. H = — ft 2 / (2m*)A on i 2 (Jl), rep- 
resents a reasonable mathematical model for the dynamics in various semicon- 
ductor structures devised and produced in the laboratory nowadays. Here it is 
mostly natural to consider the Dirichlet boundary conditions on dQ correspond- 
ing to a large chemical potential barrier, however, other situations modelling the 
impenetrable walls of (in the sense that there is no probability current through 
the boundary) may be relevant as well (see e.g. [5211121) and can in principle 
model different types of interphase in a solid. We refer to ^3 1651 15"5| for the 
physical background and references. An important category of these systems is 
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represented by so-called quantum waveguides which are modelled by infinitely 
stretched tubular regions in R™ with n ~ 2,3. 

The simplest situation occurs if Q is an infinite plane strip, i.e. a tubu- 
lar neighbourhood of constant width along an infinite curve in R 2 . In 1989, 
P. Exner and P. Seba 02] demonstrated the existence of discrete spectrum for 
the Dirichlet Laplacian in curved strips which were asymptotically straight and 
sufficiently thin. Numerous subsequent studies improved their result and gen- 
eralized it to space tubes jS^HZHEl- F° r more information and other spectral 
and scattering properties, see the review paper \FQ an d references therein. An 
important improvement was made by J. Goldstone and R. L. Jaffe in 1992 |52|; 
the authors introduced a variational argument which enables them to demon- 
strate the existence of discrete eigenvalues without the restriction on the width 
of the strip. The paper [SSj deals with a more general situation where the strip is 
not constructed in R 2 but in a two-dimensional Ricmannian manifold. The evi- 
dently more complicated case of layers, i.e. 17 is a tubular neighbourhood about 
a complete non-compact surface in R 3 , was investigated in |191 121)1 1551 1121 164| . 

A common property of the Dirichlet systems cited above is that a bending 
of a straight strip or layer generates discrete eigenvalues below the essential 
spectrum, i.e. geometrically induced quantum bound states, which are known 
to disturb the particle transport. The result is also interesting from the semi- 
classical point of view because there are no classical closed trajectories in the 
tubes in question, apart from a zero measure set of initial conditions in the 
phase space. Hence, this is a pure quantum effect of geometrical origin. 

On the mathematical side, the results are of interest because the tubular 
neighbourhoods represent a class of so-called quasi- cylindrical regions, for which 
the existence of discrete spectrum is a non-trivial property. We refer to the 
books jSJ and |2J f° r a classification of Euclidean regions and basic properties 
of the spectrum of the Dirichlet Laplacian as related to the form of an unbounded 
region. 

The spectral results become richer if one considers a combination of Dirichlet 
and Neumann boundary conditions |16II17| . Here the problem is interesting even 
for straight strips and much less studied in the literature. 

Apart from the curved quantum waveguides, the discrete spectrum can be 
also generated by a local deformation of the boundary <9fi of straight tubes and 
layers [I3IE1EZ], via introducing an obstacle [213 El Hj or impurities modelled by 
a Dirac interaction [2301111111300]) coupling several waveguides by a window (4*41 
1451 1461 If!] . etc. The spectrum of periodically and randomly curved waveguides 
was investigated in [7S][^ and [S3], respectively. Finally, let us mention systems 
where ft = R™, n = 2,3, and the quantum waveguide is introduced by means 
of a magnetic field |281 1361 12*9") or a strong Dirac interaction supported by an 
infinite curve or surface [27| EH EOJ EH EH E21 E31 EH ESI SU - 

The present paper is devoted to a study of the interplay between the geome- 
try, boundary conditions (we consider uniform Dirichlet, Neumann or a combi- 
nation of these ones) and the spectral properties of the Laplacian in the infinite 
planar curved strips. We referred above to the theory of quantum waveguides 
as our main physical motivation. Let us conclude this section by mentioning 
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other fields in physics where this might be a reasonable mathematical model. 

Considerable current interest in designing integrated optoelectronic circuits 
involves (classical) electromagnetic waveguides as a set of essential components. 
In two-dimensional structures, planar symmetry implies that the waveguide 
modes can have transversally electric, respectively transversally magnetic polar- 
izations corresponding to Dirichlet, respectively Neumann boundary conditions, 
cf [Hf>|. Maxwell's equations yield the similar spectral problem as above, the 
difference is only in the physical meaning of the spectral parameter. 

The eigenvalues of the Neumann Laplacian may be also regarded as veloc- 
ity potentials of an inviscid, irrotational fluid or trapped vibrational modes of 
an acoustic waveguide. We refer to |2.'illl lj for the considerable applied literature 
on such problems. 

Combinations of Dirichlet and Neumann boundary conditions appear as a 
natural generalization of the uniform boundary conditions. A physical system 
satisfying such a combination is the Earth-ionosphere waveguide: it is known 
that for very low frequencies the electromagnetic wave dynamics between the 
Earth and the ionosphere can be approximated as a propagation between the 
plates with the perfect electric (the Earth) and perfect magnetic (the iono- 
sphere) conductors, see [HE] and references therein. Problems of this type arises 
naturally in many other areas of physics, most notably in theoretical studies of 
superconductivity, photonic crystals, etc. 

2 Scope of the Paper 

The main aim of the present paper is to study the geometrically induced (dis- 
crete) spectrum of the operator H L defined as the Laplacian —A on L 2 (fl), 
where VI is a (one-sided) tubular neighbourhood of a fixed width d > along 
an infinite plane curve T of curvature k, see Figure ^ We adopt suitable hy- 
potheses (cf (H) below) in order to ensure that the boundary <9£1 consists of two 
parallel connected embedded curves of class C 2 . The index l will distinguish 
three different types of boundary conditions considered here. Namely, we con- 
sider the recently widely investigated Dirichlet boundary condition (i := D), 
the Neumann boundary condition (t := N) and the simplest combination of the 
both just mentioned (l := DN): the Dirichlet boundary condition imposed on 
one connected component of d£l and the Neumann condition on the other one. 

If the reference curve T is a straight line, then it is rather a textbook exercise 
to analyse the operator H L by means of a separation of variables and conclude 
that its spectrum is purely absolutely continuous and equals the interval [E[,oo), 
where the non-negative value E[ is determined by the respective boundary con- 
ditions, cf (|10|) . However, the spectral problem for H L becomes always difficult 
whenever T is curved, and two basic questions arise in this context: 

1. Which geometry preserves the essential spectrum [E[,oo)7 

2. Which geometry produces a spectrum below E[? 
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Figure 1: Configuration space £1 denned as a strip over an infinite curve T 
in M 2 . 

These questions represent ultimate concern of this paper. We try to make a 
survey of known answers and contribute to the problem by our own results. 
Furthermore, if the spectrum below E l x exists, we establish various estimates of 
the spectral threshold inf a{H L ). ft should be stressed here that the existence of 
discrete spectrum, i.e. the issue mentioned in Introduction, is proved whenever 
the considered geometry is in accordance with both the above questions (because 
then the spectrum below E[ consists of isolated eigenvalues of finite multiplicity 
only). 

Concerning the first question, we show that the essential spectrum of a 
curved strip coincides with the spectrum of the straight one provided the refer- 
ence curve r is straight asymptotically in the sense that its curvature vanishes at 
infinity, cf Theorem 14.11 Although this sufficient condition is very natural and 
in perfect accordance with the intuition, it is for the first time in this paper when 
the essential spectrum is localized without imposing any additional conditions 
{e.g., about the decay of the derivatives of curvature at infinity, cf [T%ir721 117) 1. 
The progress has become possible due to a general characterization of essential 
spectrum adopted from a paper by Y. Dermenjian et al. JH] {cf our Lemma HTTl) . 
which is for our purposes more suitable than the classical Weyl criterion. On 
the other hand, periodic strips are discussed as an illustration of asymptotically 
non-straight geometry which does change the essential spectrum. 

The answer to the second question depends substantially on the choice of 
boundary conditions. First of all, notice that the question does not make sense 
for the Neumann strips because Ef 1 = 0, cf Theorem l4.2l A characteristic prop- 
erty of the Dirichlet strips is that any bending of the reference curve T pushes 
the infimum of the spectrum below the spectral threshold E® > of the corre- 
sponding straight strip, cf Theorem 14.31 This property was shown first in 021 
for sufficiently thin strips and the proof for more general cases was introduced 
in |fi2| . On the other hand, the case of combined Dirichlet-Neumann boundary 
conditions was introduced quite recently in ^JJ. The authors established the 
existence of spectrum below J5f > provided the total bending angle of T 
{i.e. the integral of curvature, cf ijUt ) has a suitable sign. In this paper, we 
generalize this result and add two new sufficient conditions, cf Theorem l4.4l We 
also derive an interesting result on the number of discrete eigenvalues of H DN , 
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cf Proposition ^. II 

Finally, when T is curved only locally, we derive an upper bound to the 
spectral threshold, i.e. inf a(H L ) 1 for the Dirichlet strip and the one with com- 
bined Dirichlet-Neumann boundary condition, cf Theorem 14.51 In particular, 
we find important qualitative differences between these two respective results. 
Making the curvature small, the leading term in the estimate of the difference 
inf a(H D ) — is proportional to the fourth power of the total bending angle, 
while it is the second power what one obtains for the Dirichlet-Neumann case, 
cf Remark 16.31 Another interesting difference appears when we are shrinking 
the width of the strip to zero, cf Remark 16.41 These estimates are new in 
the theory of curved quantum waveguides. We can only compare them with 
the eigenvalue asymptotics for mildly curved, respectively thin, Dirichlet strips 
established in |18|. Let us note that a similar estimate for straight, window- 
coupled waveguides was given in 021 EHJ , see also [7J- 

All our proofs of the statements concerning the existence and properties of 
the spectrum below E[ are based on a variational strategy. The corner stone of 
them, i. e. the construction of a suitable trial function, follows the idea of [52] > 
see also [151172] . 

The paper is organized as follows. Section[2]is devoted to some preliminary 
material in order to be able to state precisely the main results of the paper, 
i.e. Theorems 14 . 11 - 14 . 5l in the subsequent Section 0] The proofs and discussions 
of the Theorems are presented in Sections [5] and We conclude the paper by 
Section [7J where some open problems and directions of a future research are 
mentioned. 

3 Preliminaries 

3.1 Configuration space 

Let r be a unit-speed infinite plane curve, i.e. the (image of the) C 2 -smooth 
embedding T : R -> M 2 : {s i-> (r x (s), T 2 (s)) } satisfying \t(s)\ = 1 for all s £ R 
(the arc-length parameter of the curve). The function N := ( — T^T 1 ) defines a 
unit normal vector field and the couple (T, N) gives a distinguished Frenet frame, 
cf [561 Chap. 11. The curvature is defined through the Frenet-Serret formulae 
by k := det(r,r). We note that k is a continuous function of the arc-length 
parameter and the sign of k(s) is defined uniquely up to the re-parameterization 
s i— ► — s. It is also worth to notice that the curve T is fully determined (except 
for its position and orientation in the plane) by the curvature function k only, 
cf EDI Sec. II. 20]. 

Let d > 0, I := (0, d) and Cl := M x / be a straight strip of width d. We 
define a curved strip of the same width based on T via Q := £(Qq), where 

C : M 2 -► M 2 : {(s,u) i-> T(s) + uN(s)}. (1) 

Through all the paper, we always assume that 

(H) £1 is not self-intersecting and k <G L°°(R) with d ||fc+||oo < L 
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where k± := max{0, ±fc}. Then s i— > £(s, u) for u £ I fixed traces out a parallel 
curve at a distance |u| from Y and u i— > jC(s, u) for s£l fixed is a straight line 
orthogonal to Y at s. Furthermore, the mapping C : fio — > fi is a C 1 -diffeo- 
morphism and its inverse determines a system of natural "coordinates" (s, it) 
in a neighbourhood of Y. We remark that under our assumption (H) the curve 
£(K x {u}) is of class C 2 for any fixed u £ I, in particular, this claim holds true 
for both the boundary curves. 

Remark 3.1. In this paper, we adopt the standard component notation of 
tensor analysis together with the repeated indices convention. The range of 
indices is 1,2 and they are associated with the above mentioned coordinates 
via (1,2) <-*■ (s,u). The partial derivatives are marked by a comma with the 
index. □ 

By virtue of the Frenet-Serret formulae, the metric tensor of f2 in these 
coordinates, i.e. G t j := C.i ■ £j where "•" denotes the scalar product in R 2 , has 
the following diagonal form 

(G.( S ,«)) = ( (1 - U fc(s))2 j). (2) 

Its determinant, G :— det(Gy), defines through dft := G(s,u)idsdu the area 
element of the strip. By virtue of the second part of the assumption (H), it 
is clear that the metric (01 is uniformly elliptic. In particular, we have the 
following useful estimates: 

V(s,u)eft : C_ < 1 - uk(s) < C + with C±:=l±d\\k T \\ 00 . (3) 
3.2 The Laplacian 

Our object of interest is the Laplacian — A on L 2 (fl), subject to various bound- 
ary conditions imposed on dtt. Our basic strategy is to use the diffeomor- 
phism C : f^o — > in order to replace the simple operator —A on the compli- 
cated Hilbert space L 2 (JV) by a more complicated operator H L on the simpler 
Hilbert space TC := L 2 (flo, dtt). In particular, H D is the operator replacing the 
Laplacian with Dirichlet boundary condition, H N corresponds to the Neumann 
boundary condition and H DN has the Dirichlet boundary condition imposed 
on the reference curve Y = £(R x {0}) and the Neumann one imposed on the 
opposite boundary £(M x {d}). Sometimes, we shall use the common super- 
script i € {D, N, DN} to consider two or all of the three different situations 
simultaneously. 

More precisely, the operators H L are introduced as the unique self-adjoint 



operators associated on Ti with the quadratic forms Q L defined by 

Q L W\ •= {^,i,G ij ipj) , (4) 

DomQ D := W^ 2 {Q ,dQ), (5) 

DomQ w := W 1,2 (flo)df2), (6) 

DomQ DJV := {if} e W 12 {n ,dn) \ ip(s,0) = for a.e.seK}. (7) 
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Here and in what follows, (G y ) stands for the inverse of (Gy), (•,•) and || • | 
denotes the scalar product and the norm in 7i, respectively, and ?/>(•, 0) means 
the trace of the function ip on the boundary part £(R x {0}). 

Remark 3.2. Since the metric (Gy) is uniformly elliptic due to ©, it is not 
necessary to take into account the measure dft in JSJ, © and (7J. □ 

Remark 3.3 (Operators associated with Q L ). We have 

H L = -G~^diG^G ij dj , (8) 

which is a general expression for the Laplacian in a manifold equipped with a 
metric (Gy ). The equality in JSJ must be understood in the form sense if the 
curvature k is not differentiable (which is the case we are particularly concerned 
to deal with in this paper). Nevertheless, assuming that the reference curve T 
is, say, G 3 -smooth, then the metric is differentiable and, putting J3J) into ©, 
we can write 

(1 - uk{s)) 2 s (1 - uk(s)) 3 s u 1 - ujfc(s) u 

as an operator identity on the functions from Dom/P. Moreover, the operator 
domain DomiP is exactly that subset of the space W 2 ' 2 {Q.q) whose elements 
satisfy the corresponding boundary conditions on dflo in the classical sense, 

c/ Ell. □ 

3.3 Straight strips 

If the strip is straight in the sense that k = 0, i.e. k is equal to zero everywhere 
on R, then the Laplacian coincides with the decoupled operator 



H L := -A R ®/d + H®(-Af) on L 1 (R) ® L 2 (I) , (9) 

where Id denotes the identity operator on appropriate spaces. The operators 
on the transverse section, — Af, are the usual Laplacians on L 2 (I) with the 
Dirichlet boundary conditions if t = D, the Neumann conditions if t = N, 
or the Dirichlet condition at and the Neumann one at d if i = DN. The 
eigenvalues of — Af are given by 

E% := (ir/dfn 2 , E» := (w/d) 2 (n - l) 2 , E° N := ^/d) 2 {n - i) 2 , (10) 

where n € N\{0}. The corresponding family of normalized eigenfunctions 
{Xnlr^Li can be chosen in the following way: 



Xn^)-=\/i^V E ^ for ie{D,DN}; (11) 

% if n = 1, 

% cos sfWu if n>2. 



i m h if n = 1, 

xZM:=< y & _ (12) 
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In view of J§J) and Thm. VIII. 33], the straight strip has an absolutely con- 
tinuous spectrum starting from the first eigenvalue of the transverse Laplacian, 
i.e., 

a(H^=a ese (H^ = [E{,oo). (13) 

4 Main results 

As we have seen, the essential spectrum of a straight strip, i.e. k = 0, is the in- 
terval [Ej_,oo). In Scction[Sl we prove that the same spectral result holds for any 
curved strip which is straight asymptotically in the sense that the curvature k 
vanishes at infinity, i.e., 

(d) k(s) ► . 

\s\ — >oo 

Theorem 4.1 (Essential spectrum). Suppose (H). If the strip satisfies (d), 
then 

a ess (H t ) = [Ei,oo) for i g {D, N, DN}. 

To the best of our knowledge, the spectrum of the Neumann Laplacian H N , 
has been previously investigated just for strips which were straight and contained 
an obstacle, 23 E]- Hence, our Theorem 14.11 represents a quite new result 
concerning the spectral theory of curved Neumann strips. 

The Dirichlet-Neumann case, i.e. l — DN, was previously considered just 
in the recent letter It is mentioned there that inf a ess (H DN ) = E^ 

provided k has a compact support. Here we have proved that the whole interval 
[Ei , oo) is in the essential spectrum under much weaker condition (d). 

Although the case of Dirichlct strips, i.e. l = D, has already been considered 
in many works, our Theorem 14.11 represents a new result in this situation as 
well, since it is for the first time when the whole essential spectrum has been 
localized under a condition which does not contain derivatives of k. Some decay 
assumptions about the derivatives of the curvature were even required in order 
to localize the threshold inf a ess (H D ) itself in the previous works, cf |181 172| . 
(An exception is the paper |58) where, however, only a lower bound on the 
threshold is given.) Let us mention that the result of Theorem l4.1l was achieved 
in the thesis |57) under an additional condition about vanishing of the first 
derivative of k. 

Since H N is non-negative, it follows immediately from Theorem 14.11 that 
there is no discrete spectrum in asymptotically straight Neumann strips. 

Theorem 4.2 (Neumann case). Suppose (H). Then 

in£a(H N ) = E? = 0. 

Consequently, if the strip is asymptotically straight, i.e. (d), then 

a(H N )=a css (H N ) = [0,oo), 

i.e., a disc (H N ) = 0. 
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Here the fact that the spectral threshold of H starts exactly at for any strip 
can be easily proved by means of a suitable trial function (cf Proposition lG.lfl . 

An interesting result in the theory of quantum waveguides is that the curved 
geometry may produce a non-trivial spectrum below the energy E[ for i £ 
{D,DN}. The phenomenon is examined in this paper. Notice that any result 
of the type inf cr(H L ) < E[ together with the decay condition (d) yield that the 
spectrum below E[ consists of isolated eigenvalues of finite multiplicity only, 
i.e. <Jdisc(H L ) ^ 0. However, we do not restrict ourselves to the particular 
case of asymptotically straight strips, i.e., the geometrically induced spectrum 
below E[ may have a non-zero Lebesgue measure, too. 

Sufficient conditions for the Laplacians H L with i £ {D, DN} to have a non- 
empty spectrum below E[ are known. In particular, any non-trivial curvature of 
the reference curve pushes the spectrum of H D down the corresponding spectral 
threshold of the straight strip. 

Theorem 4.3 (Dirichlet case). Suppose (H). 



Consequently, if the strip is not straight but it is straight asymptotically, i.e. (d), 
then H D has at least one eigenvalue of finite multiplicity below its essential 
spectrum [E^ ,oo), i.e., o-disc{H D ) ^ 0. 

This property was shown first in |42j for sufficiently thin strips with a rapidly 
decaying curvature and since various improvements have been achieved (see the 
references mentioned in Introduction, mainly (52J). We find useful to make a 
proof of Theorem 14.31 in Section 16.11 since it can be made simultaneously with 
the proof of the new result contained in condition (a) of Theorem 14.41 below. 

As for the operator H DN , its spectrum was studied for the first time in 
the recent letter |17| . It shows that the position of the infimum of spectrum 
essentially depends on the sign of the total bending angle 



which is well defined if we assume that the curvature is integrable. In detail, 
the authors of ^7] proved that: i) the spectrum of H DN in a non-trivially 
curved strip starts below E® N provided a < and the curvature k is non- 
positive out of some bounded interval. On the other hand, ii) if k(s) > for all 
set, then the spectrum below the energy Ef is empty. Our improvement 
is two-fold. Firstly, we generalize the first claim in the sense that we skip the 
condition on k. Secondly, we find a sufficient condition which guarantees the 
existence of spectrum below E® N even for some strips with a > 0. In addition to 
these substantial generalizations, we will derive the same result also for periodic 
waveguides. Let us summarize the spectral properties of H DN into the following 
theorem. 



If k^O, then inf a(H D ) < Ef . 




(14) 
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Theorem 4.4 (Dirichlet-Neumann case). Suppose (H). 

(i) If k ^ 0, then any of the three conditions 

(a) fcei^K) and a = / R k(s) ds < 

(b) fc is periodic 

(c) fc_ ^ and d is small enough 

is sufficient to guarantee that inf o~(H DN ) < E± . 

(ii) // fc_ = 0, i/ien inf a(H DN ) > N . 

Consequently, if the strip is not straight but it is straight asymptotically, i.e. (d), 
then any of the conditions (a) or (c) is sufficient to guarantee that H DN has at 
least one eigenvalue of finite multiplicity below its essential spectrum [E^ N , oo), 
i.e., adisc(H DN ) ^ 0. On the other hand, if the strip is asymptotically straight 
and fc_ = 0, then a{H DN ) = a css {H DN ) = [E? N ,oo), i.e., a disc (H DN ) = 0.' 

Remark 4.1. The signs of k(s) and the corresponding total bending angle a 
change after the change of arc-length parameter given by s i— ► — s. It has to be 
stressed here that such a re-parameterization of the reference curve T leads to 
another strip due to Q and, consequently, there is no ambiguity in stating the 
spectral results on H DN in terms of the sign of a and k, see Figure |21 □ 

a< a > 




Figure 2: Inversion of orientation of the reference curve (given by the re- 
paramctcrization s n- — s). Thick lines denote the Dirichlct boundary condition, 
thin lines the Neumann one. 

The sufficient conditions (a)-(c) of the first part of Theorem 14.41 are proved in 
Section RTT1 We refer to J7| for the original proof of the part (ii) (this proof 
is in fact very technical, based on a decomposition of H DN to the transverse 
basis (|ll|l and the spectral analysis of an associated ordinary differential opera- 
tor) and to |4H| for a recent, simplified proof. A comparison of the condition (a) 
with the assumptions given in [17} is done in Remark It). II 

Consider now a situation when the discrete spectrum of H L , t G {D,DN}, 
below the energy E\ is not empty. 

Although this paper in not intended to investigate the number of eigenvalues 
of H l , let us point out the following remarkable property of H DN which we 
establish at the end of Section IfTTl 
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Proposition 4.1 (Number of bound states in the DN case). Suppose (H) 
and (d). If k- ^ then 



Vn G N 3d„ > : d < d„ =*> N(H ) > n , 

where N(H DN ) denotes the number of discrete eigenvalues of H DN , counting 
multiplicity. 

The number of bound states in thin strips is another property, which demon- 
strates a significant influence of the choice of boundary conditions on the spec- 
trum. To see it, we recall that an upper SKN-type (cf |731 1541 lo7| ) bound on 
the number of bound states in thin Dirichlet strips was derived in [13 Sec. 2.3] 
and it showed that N{H D ) is bounded from above by a finite constant which 
does not depend on the strip width d. On the other hand, Proposition ^, ll shows 
that N(H DN ) can reach arbitrarily large value by shrinking the strip width to 
zero. 

The last objective of this paper is to estimate the distance between the 
bottom of the essential spectrum E[ and the spectral threshold infer (fP) (which 
will represent the lowest eigenvalue since, for this problem, we restrict ourselves 
to the strips with curvature having compact support). We derive the following 
upper bounds (to the lowest eigenvalue) , which are again qualitatively different 
for the Dirichlet and mixed Dirichlet-Neumann situations, respectively. 



Theorem 4.5 (Estimates of the spectral threshold). Suppose (H) 
assume that k has a compact support in an interval of width 2sq ■ 



anc 



(i) If a<0, then Ma(H DN ) < E? N - C DN (s ,d,af a 2 , where 

V3/7T 



C DN (s ,d,a) :=JE? N 



3 aso , 3 2 
2 d ^ 4 U 



(ii) mla{H D ) < Ef - C D (s ,d,a) 2 a 4 , where 



C D (s ,d,a) 



3 3 d[Q f+3^).,, /-, , (Aa\ 2 Asq-ai 



These estimates are new in the theory of quantum waveguides and we derive 
them in Sectional One can immediately see that for small total bending angles, 
the leading term in the estimate (i) is proportional to the second power of a, 
while it is the fourth power of a in the estimate (ii). Another essential difference 
in our estimates appears in the limit case of thin strips. We discuss these inter- 
esting disparities in Remarks 16.31 and 16 . 41 We also compare there the result (ii) 
with the exact eigenvalue asymptotics obtained in |18| by perturbation methods 
applied to mildly curved or thin strips, respectively. 
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5 Essential spectrum 



This section is devoted to the proof of Theorem l4.ll It is achieved in two steps. 
Firstly, in Lemma 15.21 we employ a Neumann bracketing argument in order to 
show that the threshold of the essential spectrum does not descend below the 
energy E[. Secondly, in Lemma I5"3l we prove that all energies above E[ belong 
to the spectrum by means of the following general characterization of essential 
spectrum which we have adopted from |15|. 

Lemma 5.1. Let H be a non-negative self-adjoint operator in a complex Hilbert 
space Ti. and Q be the associated quadratic form. Then r\ S o~ ess (H) if and only 
if 

(i) VneN\{0}: ||^|| = 1, 

3{^ =1 CDomQ: { (") ^« m U ' 

(iii) (H — rj)ip n >0 in (DomQ)*. 

n — >oo 

Here (DomQ)* denotes the dual of the space DomQ. We note that H + 1 : 
DomQ — * (DomQ)* is an isomorphism and 

W-i:=IW(DomO)-= sup (15) 

0SDomQ\{O} Will 

with 

||0||a := + 

Lemma 15.11 is proved in a quite similar fashion as the Weyl criterion, (751 
Thm. 7.24]. The advantage of the present characterization is that it requires to 
find a sequence from the form domain of H only, and not from Dom H as it is 
required by the Weyl criterion. Moreover, in order to check the limit from (iii), 
it is still sufficient to consider the operator H in the form sense, i.e. we will not 
need to assume that (Gy) is differentiable in our case. 

We start by an estimate on the threshold of the essential spectrum. 

Lemma 5.2. //(d) holds true, then inf a ess (H L ) > E{. 

Proof. Since the curvature vanishes at infinity, for any fixed e > 0, there exists s e 
such that 

V(s, u) G ftoxt : (1 - de) < 1 - u k(s) < (1 + de), (16) 

where f2 ox t := \ ^int with fli nt :— (— s e ,s e ) x I. Denote by H L N the op- 
erator H L with a supplementary Neumann boundary condition imposed on 
the two segments {±s e } x /, that is, the operator associated with the form 
Qn '■= Qn^ © Q L N Xt > where 



N 



DomQ D ' 



DomQ^' 1 
DomQ N 



= {ip e W 1,2 (£l u ,dQ.) \i*(s,0) = ip(s,d) = for a.e. s eRnfi u }, 
= W^ 2 (Q u ,dn) 

= {ip e W 1 ' 2 (n u ,dn)\ip(s,0) = for a.e. s elflO u } 
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for id € {int, ext}. Since H L > H L N and the spectrum of the operator associated 
with Q L ^ nt is purely discrete, cf [131 Chap. 7], the minimax principle gives the 
estimate 

inf a css (H L ) > inf cr css (iJ^ 0Xt ) > inf cr(iJ^ cxt ), 

where ii^ oxt denotes the operator associated with Q^ oxt . Neglecting the non- 
negative "longitudinal" part of the Laplacian in iJSJ (i.e. the term where one 
sums over i = j = 1) and using the estimates (|16f) . we arrive easily at the 
following lower bound 

which holds in the form sense (see also proof of Theorem 4.1 in [23j)- The claim 
then follows by the fact that e can be chosen arbitrarily small. □ 

Remark 5.1 (Neumann case). Since E± = and H N is a non-negative 
operator, the statement of Lemma 15.21 holds trivially true for the Neumann 
boundary conditions, i.e., l = N, even without the assumption (d). □ 

Example 5.1 (Periodic waveguides). The periodic strip (i.e. assumption (d) 
is not obeyed) is the simplest example for which 

inf<7 oa8 (ir) < E[, l£{D,DN}. 

Let k ^ be aperiodic function of a period L > 0, i.e., Vs G K : k(s+L) = k(s), 
and such that the hypothesis (H) holds true for some d > 0. Then the operator 
H L is invariant with respect to the transformation s i— > s + jL for every j G Z, 
which implies that there is no discrete eigenvalue in its spectrum, i.e. a{H L ) = 
a ess (H'). However, Theorems 14.31 and IPI state that inf a{H u ) < E[. 

According to a common belief, second order elliptic differential operators 
with sufficiently regular periodic coefficients should not have degenerate bands 
in their spectra, or, in other words, their spectra should be purely absolutely 
continuous (see |23] and references therein) . An elegant rigorous proof of this 
fact for Dirichlet and Neumann periodic waveguides was given by E. Shargorod- 
sky and A. Sobolev in (cf also 0] for thin Dirichlet tubes). □ 

The precedent Lemma [5.21 together with the following one establish Theo- 
rem Ed] 

Lemma 5.3. //(d) holds true, then a ess (H L ) D [£^,oo). 

Proof. Let n € N \ {0}. We shall construct a sequence {ip^} satisfying (i)-(iii) 
of Lemma l5H with rf := A 2 + E{ for all A e K. We start with the following 
family of functions 

■■= Ms) X[(u) e lXs , 

where Xi 1S the lowest transverse-mode function <|11|) if t e {D,DN}, or l|12fl 
if l = N, respectively, and ip n (s) :— ip(n^ 1 s — n) with ip being a non-zero 
C°°-smooth function with a compact support in (—1,1). Note that swppip n C 
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(n 2 — n,n 2 + n) and, consequently, the sequence {<p n } is "localized at +00" 
for large n. It is clear that ij} L n belongs to the form domain of H' . Since it is 
not normalized in H, we introduce ip^ := V>^/||V^,||- Hereafter we shall use the 
equivalence of the norms || • || and || • ||l 2 (o ): which follows by (J3J). In particular, 
one has 

C-|K||| 2(K) < ||C|| 2 < G + |K||| 2(R) (17) 

due to the normalization of x\- 

The point (ii) of Lemma 15.11 requires that ((j),^) — > as n — > 00 for all 
4> G H. Since {^} is bounded in H, it is enough to show the limit for all (j> € 
C^°(flo), a dense subset of H. However, the latter follows at once because 4> 
and 4>n w i n have disjoint supports for n large enough. 

Hence, it remains to check that || (H 1 " — r] L )tp n || _i ->0as»i^oo. Employing 
the diagonal form @ of the metric tensor, we can split the Hamiltonian JSJ into 
a sum of two parts, H L = H[ + where i g {1,2}, corresponds to the 
term with G" in JSJ. This decomposition leads to the trivial bound 

IK^-^clLi < IK^-A^^Li + IK^-^O^ILx- as) 

We will show that the norms at the r.h.s. of this inequality tends to zero 
as n — > 00 separately. Denote ||/||oc.n := sup{|/(s,u)| | (s,u) G supp<y9„ x /}. 

An explicit calculation using and the fact that Xi is a- n eigenfunction 
of — Af corresponding to the energy E[ yields 

(0, (H l 2 - Efifa) J = J (<)>, *& )2 ) £ »(no)| < GI 1 ^ ||fc|U» 11011 IKII (19) 

for all cf) G DomQ 1 . Consequently, the second term at the r.h.s. of l|18fl goes to 
zero as n — > 00 by the assumption (d). 

A little more toilsome but still direct calculation yields 



(M 



^-A 2 )C) = A a (^(l-G*)&) 



i 2 (n ) 



e iXs 



i 2 (n ) 



(0, (Cp n + 2iX(p n ) x[e 



i\s\ 



>L 2 (n ) 



for all (j> € DomQ 1 . Estimating all the terms at the r.h.s. of this equality in the 
same way as in (|19|l . it is enough to show that the following sequences 



1-G 2 , G^G 11 -! 



i,-,.U .,n H0n|U2(H) H^rallz^K) 



I 00, n 



ll^n||i 2 (K) ' ll^n||,L 2 (R) ' 

has the zero limit as n — > cxd. However, this is evident for the first and second 
ones by virtue of @ and (d), while for the rest it follows by the definition of 
the sequence {ip n }- □ 

If the strip is asymptotically straight, i.e. (d), then a(H N ) — [0, 00) by 
Theorem l4.ll (|10ll and non-negativity of H , see also Theorem l4.2l We conclude 
this section by proving the following result about the spectral threshold of the 
operators H D and H DN . 
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Proposition 5.1. Suppose (H). If the strip obeys (d), then 

Mo-(H' ) > for te {D, DN}. 

Proof. We have H L > and E[ > 0. By virtue of Theorem 14.11 it is enough 
to prove that ^ <7 p (iP). Assume that there exists -0 G Domff 1 such that 
H L i> = 0. Then ip e DomQ 1 and = {^H'tp) = Q L [ip] = f^lp^tp^ dCl 
with (Gij) being a strictly positive definite matrix, hence ip = a.e. □ 

Actually, stronger lower bounds to inf a(H D ) were derived in [Tl I25| . 

6 Curvature-induced spectrum 

Now we will be interested in the proofs concerning the existence and properties 
of the spectrum of H L below the energy E{ . Since H N is a non-negative operator 
and Ei — 0, only the situations i € {D,DN} are relevant here, however, we 
do not exclude the Neumann case from the preliminary considerations here in 
order to establish a minor result contained in Proposition 16. II below. 

All the proofs of the following subsections are based on the variational strat- 
egy of finding a trial function i\) L from the form domain of H L such that 

QW] := Q i m - Wf < 0. (20) 

We construct such a trial function by modifying the generalized eigenfunc- 
tion of energy E[ for the straight strip. This idea goes back to J. Goldstone 
and R. L. Jaffe, EU; see also [HI EDI C3 EH 

As a preliminary, let us express the form 1)20(1 in the situation where the 
variables are separated in the following way: 

^(s,u):=ip(s) X [(u), (21) 

where Xi 1S the first transverse mode 1)110 or (|12|l and ip is a suitable function 
from M /1 ' 2 (IR). In view of ©, it is clear that ip L belongs to DomQ 1 , given by (JSJ, 
(0 or (Q), respectively. An explicit calculation yields 

Qi[^] = (^(G-^)^) L2(R) + Hxi(rf) 2 -Xi(0) 2 ](^^) L2(R ) , (22) 
where (-) t denotes the expectation with respect to x%, *- e - 

(/>* :=^/(-,u)x!(«) 2 ^ 

with / € L°°(fio). It is clear from (|ll|l and (|12|l that the second term at the 
r.h.s. of is absent for l e {D, N}, while x? N {d) = y/2/d and Xi N (0) = 0. 
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6.1 The existence 

Proof of Theorem 14.31 and Theorem 14.41 condition (a). We set 

^0»>«):=v(»;»)xi(u). (23) 
where <p : R x (0, oo) — > [0, 1] is supposed to satisfy: 

(i) Vn G (0,oo) : ip(-;n) G W X ' 2 (M), 

(ii) <p(s;n) > 1 for a.e. s£K, 

n — >oo 

(iii) ||¥>,i("j' ri )IU a (R) >0 > 

n — >oo 

that is, y is a suitable mollifier of 1 (for an example of such a function, see ll-iH 
below). Substituting this trial function to l|22[l . we get 

Q?Wn] > 0, Qf[^„] ► 0, Q? N bf>n] ► (24) 

n — >oo n — >oo n — >oo c( 

where a is the total bending angle l|14fl . The limits hold true by virtue of the 
required properties of tp, the fact that {G~^) L are bounded functions and, in 
the case t = DN, also by the dominated convergence theorem. That is why we 
need to assume in addition that k is integrable for i = DN. Consequently, if a 
is strictly negative, then there exists a finite uq > such that Q® N [ip no ] < 
and the proof for t = DN is finished in this case. 

To obtain the result for i = DN in the limit case a = 0, and for any Dirichlet 
strip, we modify the function i/ij,, in a curved part of the waveguide. We define 

< e (s,u) u)+E#sK(u)xi(«), i G {D,DN} (25) 

where e G R, € M /1,2 (R) is a real, non-negative, non-zero function with 
compact support contained in a bounded interval in R where A: is not zero 
and does not change sign (such an interval surely exists because k ^ and is 
continuous), and v D (u) := —2u/d and v DN (u) := 1. The family {tp^ e } is a 
subset of Dom Q L and we can write 

Qi Wn2 = Qi W n \ + 2e QiOKxi* O + £ 2 Qi [<Kxi]. (26) 

The last term at the r.h.s. of 126(1 does not depend on n, while the first one 
tends to zero as n — > oo by 124|) . An explicit calculation of the central term 
gives (cf for i = DN) 

Qi(<KXi, V™) = (<P, {v L G-i) L ,<p n ) L2(Jst) + i (0,fcv3„) L2(R) , 

where we have denoted tp n :— tp(-;n) and tp n :— tp t i(-;ri). Using then the 
properties of the function tp together with the dominated convergence theorem 
(notice that <f>k E L 1 (R)), we have 

QibPnJ ► 2 e (0, k) Lm) + e 2 Qil^xi]- (27) 
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Since the integral (</>, k) ip. (r) is non-zero by the construction of (f>, we can take e 
sufficiently small and of an appropriate sign so that the sum of the last two 
terms at the r.h.s. of (|T7Jl is negative, and then choose n sufficiently large so 
that <2ih/£, £ ] < 0. □ 

The intermediate results (|24[) of the precedent proof give the following upper 
bounds to the spectral threshold of H L : 

Proposition 6.1. Suppose (H). One has 

(i) inf a{H L ) < E[ for t <E {D, N}; 

(ii) inf a (h dn - d[1 % s)) ) < E? N provided k S L\R). 

Actually, in view of Theorem l4.3l a stronger result than (i) holds for any Dirich- 
let strip. The assertion (i) for the Neumann case, together with the fact that H N 
is non-negative, establishes the first claim of Theorem l4.2l 

Remark 6.1 (Condition (a) of Theorem l4.4l i;s the assumptions in |17| K 

The non-positivity of the total bending angle, i.e. a < 0, is a nice sufficient 
condition which guarantees the existence of geometrically induced spectrum 
for H DN . This was established already in ^7] under the additional hypothesis 
that "fc is non-positive everywhere outside of some bounded interval" . Since 
the latter is not assumed in this paper, we extend significantly the class of ad- 
missible geometries. Nevertheless, in order to justify the use of the dominated 
convergence theorem, we need to assume that "fc is integrable" instead; cf the 
condition (a) of Theorem 14.41 Hence, a natural question is to ask whether 
the assumptions in 17 may after all present an alternative criterion which is 
not contained in our condition (a). The answer is negative due to the follow- 
ing (purely geometrical) result, which can be easily shown using the so-called 
"Umlaufsatz" , US, Thm. 2.2.1]: 

Lemma 6.1. Let T be an infinite plane C 2 -smooth curve of bounded curvature k. 
If there exists a compact T c C T such that | J r k\ > 2n for any compact T a 
obeying T c C r a C T, then any tubular neighbourhood of T overlaps. 

That is, any reference curve satisfying the assumptions of |17j but having a 
non-integrable curvature leads to a violation of the basic hypothesis (H) (which 
is assumed in as well). □ 

Proof of Theorem 14.41 condition (b). Let L > be the period of fc, i.e., 
Vs6l: k(s + L) — k(s). We take the trial function of the form 

<fM :=*>„(*) (l + sHs))X? N (u), 

cf l|25|) . where the functions ip n and (f> are defined as follows. Let ipi € C^°(M) 
be a real function with the support inside the interval (— L, 2L) which is equal 
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to 1 on the period cell (0, L). We set, for any n E N\ {0}, 



!ipi(s) if s e (-oo, L), 

1 if se[L,nL], 

(fx (s — (n — 1)L) if s E (nL, +oo) . 

Let <f> E C°°(M) be non-negative, L-periodic, and such that supp <f> \ (0, L) is 
contained in an interval where k is not zero and does not change sign. Then 
(</>, fc)i 2 ((o,L)) 7^ 0. Finally, let e E K be chosen in such a way that (cf (|27}l ) 

A := «f , (if- - ^ WW^x,*,, («0 

= §e (( M) W))+£ 2 (^r,(^-^r)0xr) i2((o , i)x/ , df2) 

is negative. By virtue of the definition of ipi and the fact that k(s)ds = 
(cf Lemma r6.1|) . it is clear that 

Q? N [^f]=A + B, 

where B is defined as the integral at the first line of (|28f) . however, with the 
range of integration being the set ((—L, 0) U (L, 2L)) x I. Using the periodicity 
of the coefficients of H DN together with the definition of ip n , we continue by 
induction and arrive at the identity 

VneN \ {0} : Qf N [<f ] = nA + B, 

which becomes negative for n sufficiently large. □ 

Remark 6.2 (Integrability of k). If k ^ is periodic, then the curvature is 
not integrable. However, one has for every n E N, J" , k(s) ds — due to the 
periodicity (cf Lemma f6.1|) . This indicates that the requirement k E i 1 (R) in 
the condition (a) of Theorem 14 . 41 may be rather a technical hypothesis. □ 



Proof of Theorem 14. 41 condition (c) . We take the trial function ip DN of 
the form H21JI . Since k is continuous and ^ 0, there exists an interval J C K, 
such that k(s) < for all s E J. Choosing ip E W 1,2 (M) such that supptp C J 
and substituting it to l|22|) . obvious estimates yield 

Q? N W DN ] < Ml HJ) + \^{s)\ 2 k(s) ds. (29) 

The second term at the r.h.s. of the last inequality is obviously negative, while 
the first one does not depend on d. Hence for all d sufficiently small their sum 
is negative. □ 
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Proof of Proposition 14.11 The claim is trivial for n — 0. Let us fix an 

integer neH \ {0}. We shall find a critical width d„ such that for all d < d n , 
there are at least n discrete eigenvalues in the spectrum of H DN , counting 
multiplicity. As in the proof of Theorem 14.41 condition (c), let J C K be a 
bounded interval such that k(s) < for all s G J. We set sq := inf J and 
Sj := So + j | J\/n for every j G {1, . . . , n}. Let ipo be a non-zero function from 
W 1,2 (K) such that suppt^o C (s , si). We define for every j e {1, ...,n} and 
sel, 

A^ 2 := / |^o(so + s-Sj-i)| 2 (G*5) DJV ( s )d s , 



¥>j(s) := Nj (po{sQ + s - Sj-i) . 

Putting \pP N {s, u) := fj(s)xi N ( u ) f° r every j G {1, . . . , n}, cf l|21fl. we get an 
orthonormal basis of a subspace of DomQ DAr . Moreover, Q DN {ip® N , 4>f ) = 
whenever j ^ £ because ^ and ipi have disjoint supports. Therefore, it follows 
by ^1 Lemma 4.5.4] and Theorem 14. II that a sufficient condition for H DN to 
have at least n discrete eigenvalue is Q DN [ipf> N ] < EP N , i.e. Qf n [i/jP N ] < 0, 
for every j G {f , . . . n}. However, according to (|29() . 

Q? N [^f N ] < Nf \\<p f Lm + -f / Ms + s- Sj -_i)| 2 fc(s)^- 

« Sj - 1 

The r.h.s. of the last inequality is obviously negative for all j G {I,...,rt} 
provided that d < d n with 



i 



je{l,...,n} \\ip \ 



2 

m 



SI 



d n := min : 2 / |</?o(s)| |fc(s - s + Sj_i)| 



□ 



6.2 The estimates on the spectral threshold 

Throughout this subsection, we consider only i G {D,DN}. Obviously, 

inf,(iP)-^ = ^<inf^f, (30) 

VeDomQ' \\l/j\\ 2 ipGT L \\tp\\ 2 

where T L is an arbitrary subset of DomQ 1 . Our strategy will be to choose a 
suitable T L and then explicitly find the infimum of the quotient at the r.h.s. 
of JUJ. 

In Theorem 14.51 the curvature is supposed to have a compact support con- 
tained in an interval of width 2sq; without loss of generality we may assume 
that the reference curve is parameterized in such a way that suppfc C [— sq, so]. 
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Proof of Theorem 14.51 part (i). Let ip n ,c(s,u) := ip c (s;n) \f N ' ( u ) be the 
trial function from the beginning of the proof of the condition (a) of Theorem l4.4l 
in Section l(j. II with the mollifier tp c (-;n) given explicitly by 

fl if |s|G[Q,n), 

ip c (s;n) := < (cn- |s|)/((c- l)n) if \s\e[n,cn), c> 1. (31) 
[0 if |s| G [cn, oo), 

We set T DN := {^p n ,c \ n > so , c > 1}. An easy calculation yields 

Qf *W] = 7 — -p— + 5 . HVScll 2 - I (c + 2) n - a (u) , 
[c — 1) n a 3 

where 

(«> Ju X ? N {u?du = d (~ + 
Hence, denoting by f(n,c) the quotient at the r.h.s. of l|3L)|). we have 

/(".c)= 2 r 1 , d ■ (32) 

g(c + 2) n z — a (u) n 

Now we shall seek the infimum of the continuous function / in the region 
[so,oo) x (l,oo); the result establishes the bound from Theorem 14. 51 

One can directly check that there is no local minimum of the function / in the 
interior of its domain, i.e. for every point (n, c) G (so, oo) x (1, oo), f,i(n, c) ^ 
or f t 2(n,c) 7^ 0. Thus the problem reduces to the study of the behaviour of / 
on the boundary set {so} x (1> oo) an d its limits as n — > oo, c — > 1 and c — > oo, 
respectively. The function f(so, •) reaches its (negative) local minimum 

./ x -3a 2 /d 2 

/ (SO, C+) = ; ~ 2 (33) 

4 

for 



(l + sJl-las Q /d+la 2 {u)/dj 



2d d at sn oi 2 (u) 

c+:= + 1 J-6— £+4 + 3— 11. (34) 

aso a so V a a 

Using the estimate f(n, c) > a/(2dn), we obtain 

liminf /(n, c) > 

n — >oo 

uniformly in c. Hence, there exists a (finite) tiq > sq such that for every n > uq 
holds true f(n, c) > /(sq, c+) (recall that /(sq, c+) < 0, c/ (J23) uniformly in c. 
Therefore since we seek the infimum of / we can consider only n G [sn,nn] m 
the rest of the proof. However, for those values of n we have 

6 3a/d 
/( "' °> - (c-l)(2(c + 2)n§-3a(u)n ) + 2(c + 2)n - 3a{u) ^ 
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and since 



lim 



""i ( c - 1) (2(c + 2)nl - 3a(u)n ) 
we obtain 



oo , 



3a/d 

lim — : — — 

c-i 2(c + 2)n - 3a(w) 



< 



lim /(n, c) = oo 

c— >1 



uniformly in n. Finally, 



lim 

c^oo (c - 1) (2(c + 2)ra 2 ) - 3a(u)n ) 



0, 



lim 



3a/c? 



a 

> — lim 



c^oo 2(c + 2)n - 3a(u) ~~ dn c^oo 2(c + 2) 
because n i— * a/{dn) is bounded on [so, no]; hence, in view of (|35() . 

liminf /(n, c) > 

c — » oo 

uniformly in n. Since the infimum of / should be negative, we infer from the 
above results that 

inf /(n,c)= inf /(s , c) = / (s Q , c+) , 

(n,c)G[so,oo) X (l,oo) cG(l.oo) 

where /(so, c+) < given by l|33|) provides an upper bound on the r.h.s. of l|30|) 
for the case i = DN. □ 



Proof of Theorem 14. 51 part (ii) . In the Dirichlct case, we use the molli- 
fier (|31|l with the fixed n = sq for the construction of the functions from T D . 
We set for any c\, C2 > 1 and eel, 



^ci,o a ,e(s,u) := ip Cl (s;s )x 1 (u) + e tp C2 (s; s ) Xi («) 
and T D := {^p Cl ,c 2 ,e | Ci, c% > 1 , e € M}. Easy explicit calculations give 
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fc(ci) + T^ae + e 2 (2g(c 2 ) + h{c 2 )) ) , 



(36) 



where 



M 2 2rf / . . 16 2 . . 



3ir 2 



u ^ 2 d 1 
Mc) := -J - 



5 (c) : =^(c + 2)-^a. 



7T 2 So C — 1 

Thus, the quotient at the r.h.s. of 1)30(1 can be written as 

Sir 2 ft(ci) + 3^a£ + £ 2 (2,g(c 2 ) + fe(c 2 )) 
2d 2 3 ( Cl )+3^a £ + £ 2 5 ( C2 ) 



/(ci,c 2 ,e) 



(37) 
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Clearly, / is a continuous function of the three variables defined in the region 
(1, oo) 2 x M (the denominator is positive since it is the squared norm of a nonzero 
function) and one could look for its infimum. However, from the technical point 
of view, it seems to be a rather complicated task and that is why we make first 
the following simplification. 

We start by verifying that the infimum of / is negative, i.e., ip Cl ,c 2 .£ is an 
admissible trial function to estimate mf(H D ) —E® < 0, cf Theorem l4.3l Obvi- 
ously, h{c) > for any c € (1, oo). Using the definition of a, the assumption (H) 
and obvious estimates, we check that the same holds true for g: 

Hence, the only term in the numerator of / which can attain negative values 
is the term linear in e. However, for any given c 2 > 0, there exists e £ M. of 
such a sign that a e < and with a sufficiently small absolute value so that the 
negative term linear in e dominates over the quadratic one. Then we can find 
ci large enough to make the numerator of the r.h.s. of (|37|l negative. Recalling 
that the denominator is positive, we can restrict ourselves to those values of 
the triple (ci,c 2 ,e), for which /(ci,C2,e) < 0; let us denote TV := {{ci,c 2 ,e) <E 
(1, oo) 2 x K | /(ci, c 2 , e) < 0}. Setting for any (ci, c 2 , e) e TV, 

tl , 3^ 2 h( Cl ) + ^ae + e 2 (2g(c 2 ) + h(c 2 )) 

f{d,c 2 ,e) := — 22 39 

2d 2 g(a) 

we arrive easily at the inequality /(ci,C2,e) < f(ci,c 2 ,e), because the (pos- 
itive) denominator in l|37(l is bounded from above by g(c\) due to the above 
considerations. Consequently, 

mia(H D ) - E? < inf /(ci,c 2 ,e). (40) 

(ci,C2,e)eA/" 

Calculating the partial derivatives of /, it is straightforward to see that the 
system of equations /, = 0, i = 1, 2, 3, can be cast into the following form: 



-jA(c 2 ,e) (ci-1 ? + — (ci-l) + -j- f-j-7 
d 7r z so V a 4 



{c 2 -lf-[ — ) =0. 



TTSO 



8a 1 



3tt 2 h{c 2 ) + 2g(c 2 ) 



= 0. 



respectively, where, for any (ci, c 2 ,e) G TV, 

16 

A(c 2 , e) := —rae + e 2 (2g(c 2 ) + h(c 2 j) < 0. 

From the second equation we can immediately express C2; of course, we choose 
that root C2+ which is greater than 1. Substituting c 2+ to the third equation of 
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our system, we obtain the root £o (notice that really aeo < 0). Finally, putting 
c 2+ and So to the first equation, we choose that root c\ + which is greater than 1. 
A tedious but straightforward calculation yields 

ft \ 3tt 4 A(c 2+1 e ) 2 
f{ci+,c 2+ ,e ) = -— 



with 



A(c 2+ ,e ) 



32a 2 



9vr 4 f +3(f -f) 



(Recall that 9- — f > 0, so the square root in the first formula is well defined 
in R.) Hence really (ci + , c 2+ , £o) E AT. Moreover, one can check that the matrix 
of second derivatives of / is in the point (ci + , c 2+ , Eq) diagonal with all positive 
elements, that is, the function / reaches its local minimum in that point. 

To see that it is the global minimum too, we study the behaviour of the limits 
of / as Ci — * 1, oo, i € {1,2} and e — > ±oo. We restrict ourselves to that cases, 
where the limit is reached by negative values of /; the rest of the "boundary" 
of the set J\f consists of those triples (c%,C2,e), for which f(ci,c 2 ,e) = 0, that 
is, f(ci,c 2 ,e) > f(ci + ,c 2+ ,e ). Since J3EJ) gives 

5 (c)>^, (41) 

we obtain 

37r 2 ^ a£ + m £ 2 

2d A g(ci) 
and the condition /(ci,C2,e) < yields 

Hence we do not study the limits as e — > ±oo and we may assume in the following 
that e is bounded. Using l|41|) in the denominator of (|39fl . neglecting /i(ci) and 
minimizing the remaining polynomial in e in the numerator of (|39|l . we arrive 
at the lower bound 

v 128 |a| 



9vr 2 d 2 h(c 2 ) + 2g(c 2 ) 
for any C2 € (l,oo). Thus 

liminf /(ci, C2, e) > 0, liminf /(ci, c 2 , e) > 

C2-+CXD C2^1 

uniformly in ci and e. Finally, using l|42|) we can see that 

3tt 2 /i(ci) 256 \a\ 1 



/(ci,c 2 ,e) > 



2d 2 fl (ci) 9 7r 2 d 2 «?( Cl ) 
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and therefore 



liminf f(c\, C2, e) > , lim /(ci, C2,e) = 00 

Cl— >OG CI— *1 

uniformly in C2 and e. Summing up the considerations, we conclude that 
/( c i+! c 2+! £ o) is the global minimum and the claim (ii) of Theorem 14.51 then 
follows from gDJl. □ 

Remark 6.3 (Mildly curved strips). Let us compare our estimate (ii) of 
Theorem 14 . 51 with the exact ground-state eigenvalue asymptotics derived in |181 
Thm. 4.1] for mildly curved Dirichlct strips by the Birman-Schwinger perturba- 
tion technique. We consider families of generating curves Yp characterized by 
the curvature kp(s) := j3 k(s), where k is a fixed curvature function and (3 > 
is a small parameter. Since ap := J R k/3(s)ds = (3 a, we see that (3 controls the 
total bending of the strip, too. The result of JS| can be written as 

inf (H D ) = E° - C(d, k) 2 /3 4 + 0(/3 5 ) , 

where C{d,k) is a positive constant depending only on the fixed width d and 
(integrals of) k, while our estimate (ii) yields 

mi(H D )<E? - C D (s Q ,d,0) 2 a 4 /3 4 + O{l3 5 ). 

Hence we observe the same dependence of the leading terms on the perturbation 
parameter (3. Let us quantitatively compare the actual gap-width asymptotic 
given by C(d, k) 2 with our estimate C D (so, d, 0) 2 a 4 . Since C(d, k) has rather a 
complicated structure, we restrict ourselves to small values of the width d when 

C(d,fc) = i||fc||| 2(R)+ 0(d 2 ). (43) 

We have C D {s Q ,d,0) = 8/(9V3t: 2 s ) +0(d). Since a 2 < 2s a \\k\\ 2 L 2(R) by the 
Schwarz inequality, we see that 

C D (sq, 0,0) a 2 128 ^ 
C(0,k) -9V3k 2 ~ 

As for the mixed Dirichlet- Neumann case, our estimate (i) of Theorem 14.51 
leads to 

inf (H DN ) < Ef N -l^P 2 + 0(P 3 ) 
8 d A 

and we observe that the leading term is proportional to the second power of (3 
now. In particular, it is much greater than the leading term in the identical 
mildly curved strip with the pure Dirichlet boundary condition. Unfortunately, 
no exact asymptotics are known for inf a(H D N ), so we cannot perform any 
comparison in this case. □ 
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Remark 6.4 (Thin strips). Another natural perturbation parameter is the 
strip width d. Calculating the asymptotic expansions with respect to d of the 
constants C"(so,d, a) from our Theorem 14.51 we arrive at 

E? N - M(H DN ) > — 7 + 0(d~i) , 

2 sod 

E? - inf (H D ) > _ + O(d). 

3^ fi 2 (^l + ^l + (^) 2 j 

Again, we observe qualitatively different behaviour of our estimates with respect 
to the perturbation parameter. 

In particular, the leading term in our lower estimate of the gap between the 
essential spectrum threshold and the lowest Dirichlet eigenvalue is independent 
of the strip width. This is in accordance with the perturbation expansion of the 
ground-state eigenvalue derived in |18l Thm. 5.1]: 

Ef - inf (H D ) = -A(fc) + 0(d) . 

Here X(k) denotes the first (negative) eigenvalue of the one-dimensional Schro- 
dinger operator I := —A — jk 2 on L 2 (R) with DomZ := W 2 ' 2 (R), which is 
naturally associated with the problem and reflects the geometry of T only. (We 
remark that, under our assumptions, the operator I has always a negative eigen- 
value, cf [7J Thm. XIII.ll].) 

The leading term in the Dirichlet- Neumann estimate tends to +00 as d — > 
(notice, however, that this fact does not conflict with anything because E± = 
0(d~ 2 )). That is, we again observe the effect of stronger binding of the particle 
in the case when a Dirichlet boundary curve of the strip is replaced by the 
Neumann one. A similar asymptotic estimate can be also deduced directly from 
the crude bound (ii) of Proposition 16.11 Since no perturbation expansion with 
respect to d for the lowest eigenvalue in the Dirichlet-Neumann case is known 
yet, we cannot compare our estimate with exact asymptotics. □ 

7 Conclusions 

Motivated by the theory of curved quantum waveguides, we were interested in 
spectral properties of the Laplace operator in a strip built over an infinite pla- 
nar curve, see Figure ^ subject to three different types of boundary conditions 
(Dirichlet, Neumann or a combination of these ones, respectively). We localized 
the essential spectrum as a set under a very natural and weak condition about 
vanishing of curvature at infinity only, cf Theorem 14.11 We stress that no con- 
dition about the decay of derivatives of the curvature was required throughout 
this paper (the derivatives may not even exist because the reference curve is 
supposed to be C 2 -smooth only). Then we were interested in the geometrically 
induced spectrum, i.e. the spectrum below the spectral threshold of the corre- 
sponding straight strip; we made a survey of known results and established new 
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ones, cf Theorems 14.21 - l4~4l Here the most important progress was achieved in 
the case of combined Dirichlet-Ncumann boundary conditions where we gen- 
eralized the only one known result of ^7] and established two new sufficient 
conditions which guaranteed the existence of geometrically induced spectrum, 
cf Theorem 14.41 We recall that the geometrically induced spectrum consists of 
discrete eigenvalues only whenever the above asymptotic behaviour of curvature 
holds true. Finally, we established two upper bounds to the spectral threshold 
in a situation when the geometrically induced spectrum is present, cf Theo- 
rem ^3 These estimates are new in the theory of curved quantum waveguides 
and their remarkable behaviour in the limit of mild curvature or small width of 
the strip was discussed, cf Remarks 16.31 and 16 . 41 Summing up briefly the main 
contribution of the paper, we gave answers to the two questions formulated in 
Section [3 

Let us now mention some directions in which the above mentioned results 
could be strengthened or extended. 

In Theorem 14.11 we succeeded to localize the essential spectrum as a set, 
however, an open problem is to examine its nature. Here a particularly interest- 
ing question is whether the curved geometry may produce a singular continuous 
spectrum. In the Dirichlet case, this problem was analysed quite recently in [5*§| 
by means of the Mourre theory. 

Theorem 14.31 concerning the existence of geometrically induced spectrum in 
Dirichlet strips is optimal in the sense that no better result can be achieved 
without violating the basic hypothesis (H). One is of course tempted to ask 
which more general regions (than the curved asymptotically straight strips) still 
possess a non-trivial discrete spectrum. For instance, it is easy to see that 
the existence result does not change if the boundary of the strip is deformed 
locally and in such a way that the resulting deformed region lies in the exterior 
of the strip, cf |72| . however, more complicated deformations of the boundary 
represent a difficult problem even in the straight case [HUHj- In this context, it is 
worth to recall that the existence of discrete spectrum in V-shaped waveguides 
was demonstrated in 021 EH El (the computed bound-state energy has been 
verified experimentally in a flat electromagnetic waveguide in |10|1. 

The Neumann case is trivial from the point of view of the existence of dis- 
crete spectrum in asymptotically straight strips, cf Theorem 14.21 As for the 
Dirichlet- Neumann strip, while our Theorem 14.41 covers various wide classes of 
geometries for which the geometrically induced spectrum exists, it does not rep- 
resent an ultimate result. For instance, it remains to be clarified whether one 
can include also some thick strips with a positive total bending angle. Another 
open question concerning the strips with combined boundary condition is the 
study of the behaviour of eigenvalues in mildly curved, respectively thin, strips, 
cf Remarks 16.31 and 16 . 41 

The upper bounds on the spectral threshold we presented in Theorem 14.51 
can be surely improved. First of all, one should include the situations when the 
total bending angle is equal to zero and/or the strip is curved globally. 

As we have already mentioned in Introduction, the Dirichlet Laplacian in 
the curved strip represents a reasonable model for a quantum Hamiltonian of 
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a particle restricted to move in a strip-like nanostructure. Assuming that the 
boundary is sufficiently regular, to impose the Dirichlet boundary conditions 
means to require the vanishing of wavefunctions, however, as pointed out in |5U|. 
this may be in general too restrictive and one should rather require the vanishing 
of the probability current only. The latter leads in our case to a general boundary 
condition of the type 



where ip S H denotes the wavefunction and (a , a<j), (b , b d ) e R 2 \ {(0,0)}. 
However, at least from the mathematical point of view, it would be interesting 
to examine the influence of the choice of particular boundary conditions on the 
spectral properties of the Hamiltonian. Finally, it would be also possible to let 
the coefficients ao, ad, bo, bd depend on the longitudinal variable s. 

Other obvious extensions are to consider the Laplacian in tubular neighbour- 
hoods of non-compact submanifolds of general Riemannian manifolds. Here the 
spectral problem was studied only for Dirichlet tubes in R 3 [321 EE] > Dirichlet 
layers in R 3 [201 EH or more generally in R™ and strips in two-dimensional 
manifolds |58| : more general boundary conditions and other higher-dimensional 
generalizations are still missing. 

A long-standing open problem in the theory of quantum waveguides is the 
question whether the geometrically discrete spectrum in curved asymptotically 
straight Dirichlet strips will "survive" a strong homogeneous magnetic field. In 
this context, let us mention the very recent work [22] (c/ also where it is 
shown actually that this is not the case for mildly curved strips if an appropriate 
compactly supported magnetic field is added. 
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